Dynamic response of a light equipment item attached to a non-linear and torsionally coupled main system is evaluated under bi-directional earthquake excitation. To account for the effect of translations and torsion, each story of the building is modelled as three degrees-of-freedom (DOFs), with two DOFs for translation in two orthogonal directions and third DOF for torsion. The responses (relative displacement between the equipment system and the floor of the primary system on which the equipment system is mounted and absolute acceleration of the equipment system itself), are determined under random ground motion in two orthogonal directions, which is idealized as a stationary random process represented by a white noise excitation. The responses are obtained by time domain simulation procedure. The response behavior of the light equipment is examined under a set of parametric variations. These parameters include the uncoupled lateral frequency of the primary and the equipment systems, the ratio of uncoupled lateral to rotational frequencies of the primary system, eccentricity ratios of the primary and the equipment systems in X and Y directions, damping ratio of the primary and the equipment systems and the mass ratio of the two systems. Results of the study indicate that under some parametric conditions the responses of the equipment system are significantly affected by torsional coupling and non-linearity of the primary system. It is also observed that the responses of the equipment system can be alleviated by increasing the damping ratio of the equipment system.
Introduction
In the last decade, the dynamic analysis of a equipment system mounted on relatively heavy primary system has received much attention [9, 11, 15, 17] . The light equipment system is found in many engineering systems such as suspension systems in buildings, nuclear power plants, aircraft, lifeline systems and other important structures. The formulation based on elastic theory, for analysis of the light equipment and primary structural systems, is most desirable for wind and mild earthquake loadings. The primary system generally undergoes non-linear excursion and also exhibit torsional behavior under severe earthquake ground motions. Under such situations, the elastic model leads to inaccurate design of the combined structural systems.
Lin and Mahin [18] found that the responses (relative displacement and absolute acceleration) of the secondary system decrease due to yielding of the primary system. This condition occurs when the fundamental frequency of the secondary system is equal to or more than the fundamental frequencies of the primary structure. Under some parametric conditions of the yielding primary system, amplification in the responses of the secondary system has been observed by Chen and Lutes [8] . For the multi degrees-of-freedom (MDOF) nonlinear primary system, Sewell et al. [23] found that the equivalent SDOF primary system gives incorrect responses of the secondary system, if the primary system undergoes inelastic excursion. They also observed that responses of the secondary system frequently increases in the high frequency range when it is supported on a MDOF primary system.
The above authors had done deterministic analysis for the response calculation of the equipment system. In actual practice, the earthquake excitation is random in nature, so probabilistic analysis should be carried out for correct evaluation of the responses of the equipment system. For very few degrees-of-freedom of the nonlinear primary system, the Fokker-Planck equation and closure scheme can effectively be used. The responses of the secondary system mounted over the nonlinear primary system has been solved by Chen and Lutes [7] , using equivalent linearization technique developed by Wen [26] and Baber and Wen [5] . They observed that non-linearity of the primary system significantly affects the first passage failure and reliability of the secondary system under normally distributed ground acceleration. Huang and Soong [13] had shown that under some specific conditions, yielding of the primary system alleviates sensitivity of the secondary system. They also used equivalent linearization technique [25] for analysis of the nonlinear primary system and found that the responses of the secondary system has been amplified due to shifting of the primary structural frequencies, under Gaussion white and filtered Gaussion white noise excitations. Behavior of the secondary system has been analyzed by several authors using time history integration technique. Using the same technique Igusa [14] , found that yielding of the primary system may result in responses that are small fraction of the corresponding linear responses.
All the above mentioned studies for evaluation of responses of the light equipment system are valid only for symmetric buildings or buildings with very small eccentricity or buildings torsionally very stiff, under uni-directional earthquake excitation. Most of the practical buildings are 3-D un-symmetric buildings [28] . Furthermore, the earthquake excitation is a multidimensional process. Clearly, there is a lack of studies on the subject especially exploring the parametric behavior of equipment system mounted over torsionally coupled yielding primary system under bi-directional ground excitation. Recently, Agrawal and Datta [1] studied the behavior of a secondary system mounted on a torsionally coupled and linear primary system under uni-directional random ground excitation. They [2, 3] also studied the behavior of a secondary system mounted on a torsionally coupled yielding primary system under uni-directional random ground excitation, using both frequency and time domain methods of analysis.
In this paper, stochastic analysis of the equipment system mounted over torsionally coupled and yielding primary structure, is studied under bi-directional ground excitation modelled as a white noise using time domain integration technique. The study is carried out under various important parameters of the equipment and the primary structural systems. In specific term, objectives of the present study are (i) to investigate effect of the bi-directional interaction on yielding of columns of the primary system and response behavior of the equipment system; (ii) to investigate behavior of the light equipment item under various important parametric variations; and (iii) to study the behavior of the equipment system by mounting it on a specific floor level of the primary system. Figure 1 shows the system model of an idealized five story building. A cantilever type equipment system is mounted on one of its floor. It is assumed that the cantilever rod is vertically inextensible and has the same flexural stiffness corresponding to the displacement in any direction in the horizontal plane. Similarly, damping of the equipment system is assumed as constant in all the directions. Thus, under the bi-directional seismic excitation of the primary system, the equipment system is excitated and undergoes oscillation in a direction which depends upon motion of the primary system. The normalized eccentricities of the primary system are varied to provide various degrees of torsion in the primary system. Supports of the combined structural systems are excited by random ground excitation in two mutually perpendicular directions (i.e., in X and Y directions).
System model
Let K pi (i = 1, 4) represents the initial lateral stiffness of the i-th resisting element, then the total initial stiffness of the primary system in both X and Y directions is given by
and stiffness of the equipment system in any direction is given by K s . Let R i denotes the distance of the i-th resisting element from the center of mass (CM) of the primary system then the total initial torsional stiffness of the primary system, defined about the CM, is given by
in which it is assumed that the torsional stiffness of the each individual element is negligible. Eccentricities of the primary system (distance between center of resistance (CR) and CM), in the two orthogonal directions, with respect to the CM of the primary system is given by (Fig. 1 )
in which x i and y i are the X and Y coordinates of the i-th element with respect to CM of the primary system. Eccentricities of the equipment system (e sx and e sy ) are taken as a variable for various parametric studies. The two uncoupled frequency parameters of the primary system are defined as
and
and the natural frequency of the equipment system in any direction is given by
in which m p and m s are the masses of the primary and the equipment systems and r is the radius of gyration of the primary mass about the vertical axis through the CM. The frequencies ω p and ω θ may be interpreted as the natural frequencies of the primary system if they were torsionally uncoupled, i.e., a system with s px and s py = 0, but m p , K p and K θ are the same as in the coupled system. The mass ratio ρ is defined by ρ = m s /m p . The ratio ω p /ω θ of the primary system are varied to provide different values of the frequency parameters ω p and ω θ . These parameters are taken to be the same in both X and Y directions.
Equations of motion
The equation of motion for the hysteretic primary and the linear equipment systems subjected to bidirectional earthquake excitation, may be written as
where {Ü g } = {Ü gx ,Ü gy } T is the ground acceleration vector. Assuming that the equipment system is mounted on 3rd floor level, the matrices [I] and [M] are given as (10) where
[
Each floor of the primary system has three DOFs. In local coordinate systems the damping matrix for a story (between any two consecutive floors, say 1st and 2nd) in local coordinate systems, is given by
where
and the damping matrix of the 3rd floor level (where the equipment is mounted), is given by
where C p , C pxθ etc. are the elements of damping matrix neglecting the equipment system and C s (= 2ξ s m s ω s ) is the damping for the equipment system. The elements of the damping matrix, concerning the primary system, are determined by assuming the damping matrix of the primary system to be proportional to its mass and initial stiffness matrices. Using the modal damping ratio and the first two undamped mode shapes of the primary system (only), these elements are obtained by standard procedure [20] .
The restoring force vector of Eq. (8) is given by
The non-hysteretic component of the stiffness matrix for a story (between any two consecutive floors, say 1st and 2nd) in local coordinate systems, is given by
and the stiffness matrix for the 3rd floor level (where the equipment is mounted), is given by
Similarly, the hysteretic component of the stiffness matrix for a story (between two consecutive floors), in local coordinate systems, is given by
and the hysteretic component of the stiffness matrix for the 3rd floor level (where the equipment is mounted), is given by
The damping matrices ( 3 etc.) components of the stiffness matrices of the combined structural systems, are arranged according to the global DOFs of the five story structural model (shown in the Fig. 1) , to get the compact global damping [C] matrix and non-hysteretic [K] and hysteretic [H] components of the stiffness matrices, using standard procedures [6, 22] .
If the equipment system is mounted at 3rd floor level, the linear displacement vector {U } and the hysteretic displacement vector {Z} are given as (f = 1, 2, 3, 4, 5) (25) and
The linear displacement vector for the first floor level is given as (f = 1) 
The hysteretic displacement vector for the first floor level is given as (f = 1)
and the hysteretic displacement vector for the third floor level is given as (f = 3)
The displacement vectors for the other floors are found by putting the specified floor number in the above Eqs (25) and (26) . The hysteretic components Z j (j = x, y) for the non-linear force deformation relationship of the elements in two orthogonal directions X and Y of a particular floor, are given by following first order nonlinear differential equation [27] 
in which γ, β, and A are parameters. The parameters γ and β control the shape of hysteretic loop, A is the restoring force amplitude which controls both stiffness and strength. For nearly elasto-plastic system, these parameters are taken as A = 1.0, and γ = β = 0.5 [19] .
Response analysis
The equation of motion of the combined structural systems (Eq. (8)) can be solved by incremental solu-tion choosing suitable time step (∆t) for the integration. The resulting incremental effective static equilibrium equation can be expressed as
the expression for the effective stiffness expression can be written as [10] [
and the effective load increment for any time t is given by
After the calculation of incremental displacement {∆U } from Eq. (33), the incremental velocity {∆U } may be calculated as
and the acceleration {Ü(t)} is given by
where {∆f (t)} is the increment in the earthquake excitation force and {∆f h (t)} is incremental hysteretic force between time t and t + ∆t, for the time t = t + ∆t using the fourth order Runge-Kutta method, which is give by
(v) Iterate for next cycle until the following convergence criteria is satisfied
After satisfying the above convergence criteria, the incremental vector {∆U } k {∆Z} k and the incremental force vector {∆ P } 1 is calculated with help of Eqs (33), (34) and (36). Finally, the acceleration vector {Ü (t)} can be calculated with help of Eq. (38).
The relative displacement U rj (t) and absolute accelerationÜ aj (t) of the equipment system are obtained as
andÜ aj (t) =Ü sj (t) +Ü gj (t).
Parametric study
The responses (absolute acceleration (σẍ a /g = σÜ ax /g = σÜ ay /g) and the relative displacement (σ xr = σ Urx = σ Ury ) of the equipment system are influenced by a large number of parameters. These responses are calculated by positioning the equipment system at various floor levels. Effects of only a few important parameters are considered here which predominantly influence torsional and non-linear behavior of the primary system and responses of the equipment system. Theses parameters include the normalized eccentricities of the primary system (e px /r and e py /r) and the equipment system (e sx /r and e sy /r) in two orthogonal directions (X and Y), the uncoupled lateral frequency of the primary (ω p ) and the equipment (ω s ) systems, the damping ratio of the primary (ξ p ) and the equipment (ξ s ) systems, the ratio of uncoupled lateral to rotational frequencies (ω p /ω θ ) of the primary system and the mass ratio m s /m p of the combined system. Specification for the values of the other parameters (held constant throughout) are ω p = 4.5 rad/s, ξ p = 5.0%, ξ s = 2.0% and r = 3.0 m. The hysteretic parameters are taken as A = 1.0, γ = β = 0.5 and α = 1/21 (for nearly elasto-plastic case). The intensity of white noise input excitation is taken to be the same in both X and Y directions and is taken as 0.013 m 2 /s/rad. The combined stiffness of the columns (Fig. 1) in the X and the Y directions taken as [24] The time history of ground acceleration is simulated from the PSDF of white noise for a record length of 200 seconds. The responses of the equipment system are obtained for the input to the primary system under the simulated ground acceleration. Figures 2 to 15 show the variation of the normalized standard deviation of the (σ xr ) and (σẍ a /g) of the equipment system (by mounting the equipment system on various floor levels) with normalized eccentricities of the primary and the equipment systems and for strong and weak torsionally coupled primary systems under tuned and detuned conditions.
Effect of bi-directional interaction on yielding of columns of the primary system
Figures 2 and 3 show the effect of bi-directional interaction on yielding of columns of the primary system on responses of the equipment system, for the strong torsionally coupled primary system under the tuned condition. The interaction is considered between lateral and torsional degrees-of-freedom of the primary system, under bi-directional earthquake excitation. It is seen from the figures that the effect of interaction provides higher responses of the equipment system. For both interaction and non-interaction cases, the responses increase when the equipment system is shifted from the 1st floor level to the 2nd floor level. Further, decrease in the responses has been observed when the equipment system is shifted from the 2nd floor level towards the upper floor levels. For the interaction case, the responses increase by increasing e px /r and e py /r. However, decrease in the responses with increase in e px /r and e py /r is observed for the non-interaction case.
Reduction in responses of the equipment system (by locating it on the higher floors of the primary system), due to yielding of the first floor of the primary system, had also been observed by Chen and Lutes [8] , under uni-directional ground excitation.
Figures 4 and 5 show the same effect for weak torsionally coupled primary system under detuned con- dition. Here, the responses are found to be more for non-interaction case than the interaction case. Also for both interaction and non-interaction cases, the responses are found to be maximum if the equipment system is mounted on 2nd floor level and the responses increase by increasing e px /r and e py /r. mounting the equipment system at various floor levels, on strong and weak torsionally coupled primary systems under the detuned condition. For the strong torsionally coupled primary system (Figs 6 and 7) , the responses increase when the equipment system is shifted from the bottom floor (1st floor) level towards the middle floor (3rd floor) level. Further, decrease in the responses has been observed when the equipment system is shifted towards the upper floor levels. For the weak torsionally coupled primary system (Figs 8 and 9 ), responses of the equipment system decrease when the equipment system is shifted from the middle floor (3rd floor) level towards the upper floor levels. 
Effect of e sx /r and e sy /r
Figures 10 to 13 show the variation of responses of the equipment system with e sx /r and e sy /r by mounting it on various floor levels, for the strong torsionally coupled primary system under both tuned and detuned conditions. It is observed that under the tuned condition responses are maximum when the equipment system is mounted on the 2nd floor level. Furthermore, responses increase by increasing e sx /r and e sy /r (Figs 10 and 11) . Under the detuned condition (Figs 12 and 13) , reduction in the responses has been observed when the equipment system is shifted from Figures 14 and 15 show the variation of the responses of the equipment system by mounting the equipment system at various floor levels and by changing the mass ratio between the equipment and the primary structural systems, for strong and weak torsionally coupled primary systems under the detuned condition. It is seen that increase in the m s /m p ratio decreases the relative displacement of the equipment sys- tem for both cases. However, decrease in the absolute acceleration of the equipment system is found (with increasing in the m s /m p ratio) when the equipment system is mounted on the top floor level.
Effect of the m s /m p ratio

6.3.
Effect of e sx /r and e sy /r when the equipment system is mounted on the 2nd floor level Figures 16 and 17 show the variation of responses of the equipment system with normalized eccentricities of the equipment system, when it is mounted on the 2nd floor level, for strong and weak torsionally coupled primary systems under both tuned and detuned conditions. It is observed from the above figures that the relative displacement is almost insensitive to change in e sx /r and e sy /r. However, under the tuned condition the absolute acceleration of the equipment system increases with increase in e sx /r and e sy /r (Fig. 16) . However, under the detuned condition it is almost insensitive to change in e sx /r and e sy /r (Fig. 17) .
Effect of the damping ratio of the equipment system
Figures 18 and 19 show the variation of the responses with the damping of the equipment system (ξ s ), for strong and weak torsionally coupled primary systems under both tuned and detuned conditions, when the equipment system is mounted on the 2nd floor level. The responses decrease with increase in the ξ s . For the detuned condition, it appears that there exists an optimum value of ξ s for which the (σẍ a /g) becomes a minimum (Fig. 19) .
Conclusions
The seismic behavior of a light equipment system mounted on a torsionally coupled yielding primary structure is investigated for white noise input excitation in two orthogonal directions (X and Y). Responses of the equipment system are calculated by time integration technique. The response quantities of inter-est are standard deviation of the relative displacement between the equipment system and the floor of the primary structure on which the equipment system is mounted and the absolute acceleration of the equipment system itself. The observations made from the parametric studies are as follows:
1. For strong torsionally coupled primary structure under the tuned condition, responses of the equipment is found to be more when the bidirectional interaction is considered in the analysis. However, an opposite trend of the variation of the responses has been observed for the weak torsionally coupled primary structure under tuned condition. 2. For strong and weak torsionally coupled primary systems under the tuned condition, responses of the equipment system attain their peak value if the equipment system is mounted on the middle (2nd) floor level. 3. For both strong and weak torsionally coupled primary systems under the detuned condition, reduction in the responses is observed if the equipment system is shifted from the middle floor level towards the upper floor levels. 4. Except for the weak torsionally coupled primary system under the tuned condition, responses of the equipment system are found to be less if the equipment system is located on the top floor level. 5. The relative displacement is reduced by increasing the m s /m p ratio. Reduction in absolute acceleration, with increase in the m s /m p ratio is observed only when the equipment system is mounted on the upper floor levels. 6. For location of the equipment on the middle floor level, the absolute acceleration of the equipment system increases with increase in e sx /r and e sy /r, for both strong and weak torsionally coupled primary systems under the tuned condition. However, the relative displacement is almost insensitive to change in e sx /r and e sy /r. For both strong and weak torsionally coupled primary systems under the detuned condition, responses are almost insensitive to change in e sx /r and e sy /r. 7. Responses decrease with increasing in ξ s . For both strong and weak torsionally coupled primary systems under the detuned condition, it appears that there exist an optimum value of ξ s for which the (σẍ a /g) becomes a minimum, for mounting of the equipment system on the middle floor level.
